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Abstract. In the present work we are concerned with the development of
a new uncertainty principle based on wavelet transform in the Clifford
analysis/algebras framework. We precisely derive a sharp Heisenberg-
type uncertainty principle for the continuous Clifford wavelet transform.
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1. Introduction
In the last decade(s) a coming back to Clifford algebras and analysis has taken
place in many fields in mathematics, physiscs as well as computer science.
This may be due to the fact that Clifford algebras incorporate inside one
single structure the geometrical and algebraic properties of Euclidean space.
For backgrounds on Clifford algebras/analysis the readers may refer to the
original works [19, 26, 30, 31, 32, 33, 65] which are already free.
Insite of a Clifford algebra geometric entities are treated ccording to
their dimension such as scalars, vectors, bivectors and volume elements. This
has allowed researchers especially in mathematical physics to develop har-
monic analysis on Clifford algebras as extension of complex one. Famous
operators and related inequalities such as Cauchy-Riemann operator and un-
certainty principle have been extended to the Clifford framework.
Recently and especially with the research group of Ghent university
(Sommen, Brackx, Delange, De Schepper, Hitzer, Mawardi, and their collabo-
rators) have extended wavelet theory to the Clifford framework. Next, a series
of works have been developed in the same topic. See [3, 4, 5, 6, 7, 9, 10, 11, 12,
13, 14, 15, 16, 17, 18, 21, 22, 23, 24, 36, 37, 38, 39, 40, 44, 48, 53, 61, 64, 68].
In the original theory of wavelets on R as well as its extension to other
more general contexts, wavelet analysis of functions starts by checking that
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the mother wavelet is admissible or not to guarantee the most useful rules
by the next such as the reconstruction, Fourier-Plancherel and Parseval ones.
For real wavelet analysis, this is explained as follows. Given an analyzing
function ψ ∈ L2(R) which will be called by the next the mother wavelet,
such a function ψ has to satisfy the admissibility condition
Aψ =
∫
R
∣∣∣ψ̂(ξ)∣∣∣2
|ξ| dξ < +∞,
where ψ̂ is the classical Fourier transform of ψ.
The present work is concerned with the development of a sharp uncer-
tainty principle in the Clifford framework based on Clifford wavelets and thus
extend the one developed by Banouh et al in [8].
As we have mentioned above, the connection between wavelet theory and
Clifford algebra/analysis is now growing up and applications are widespread
such as in signal/image processing. See [15, 24, 61, 58]. Applications also in
physics, nuclear magnetics, electric engineering, color images may be found
in [25, 36, 58, 59, 62, 64].
The aim of the present paper is to establish a new Heisenberg uncer-
tainty principle applied to continuous Clifford wavelet transform in the set-
tings of the non commutative Clifford algebras. In section 2 some preliminar-
ies on Clifford toolkits and wavelets are presented. Section 3 is concerned to
a review on the uncertainty principle in both its classical forms and Clifford
one. Section 4 is devoted to the development of our main results.
2. Clifford wavelets toolkit
In this section, we review briefly the basic concepts of Clifford analysis and
the continuous wavelet transform on the real Clifford algebra.
2.1. Clifford analysis/algebra toolkit
The Clifford algebra Rn associated to R
n is the 2n-dimensional non com-
mutative associative algebra generated by the canonical basis {e1, e2, . . . , en}
relatively to the non commutative product
eiej + ejei = −2δij ,
where δ is the Kronecker symbol. Any element a ∈ Rn has a unique repre-
sentation
a =
∑
A
aAeA, aA ∈ R =
n∑
k=0
∑
|A|=k
aAeA,
where |A| is the length of the multi-index A.
On the algebra Rn there are some types of involutive operators defined on
the basis elements. A main-involution satisfying e˜A = (−1)|A|eA. A second
type called reversion stating that e∗A = (−1)
|A|(|A|−1)
2 eA and finally a conju-
gation operator defined by eA = (−1)
|A|(|A|+1)
2 eA. In the case of the complex
A sharp Clifford-wavelet Heisenberg-type uncertainty principle 3
extension Cn = Rn + iRn the last operator has to be extended to the so-
called Hermitian conjugation defined by λ† = a− ib for λ = a+ ib ∈ Cn with
a, b ∈ Rn.
As the vextor space Rn is now seen as a subspace of Rn any element
x = (x1, x2, . . . , xn) ∈ Rn is also seen as an element in Rn. We precisely
identify it to x =
n∑
j=1
xjej. This allows to introduce the Clifford product of
vectors by
xy = x · y + x ∧ y,
where
x · y = − < x, y >= −
n∑
j=1
xjyj ,
and
x ∧ y =
∑
j<k
ejek(xjyk − xkyj).
This yields particularly that
x2 = − |x|2 = −
n∑
j=1
|xj |2.
Finally we recall that for two functions f, g : Rn −→ Cn the inner product is
defined by
< f, g >L2(Rn,dV (x))=
∫
Rn
[f(x)]
†
g(x)dV (x) (2.1)
and the associated norm by
‖f‖L2(Rn,dV (x)) =< f, f >
1
2
L2(Rn,dV (x))
.
We denote also
|f |L1(Rn,dV (x)) =
∫
Rn
|f(x)|dV (x)
where dV (x) stands for the Lebesgue measure. As in the classical cases, it is
easy to show the Cauchy-Schwartz inequality∣∣< f, g >L2(Rn,dV (x))∣∣ ≤ |f |L2(Rn,dV (x)) |g|L2(Rn,dV (x)) . (2.2)
2.2. The continuous Clifford-wavelet transform
As for multidimensional Euclidean spaces the Fourier and wavelet transforms
have been extended to the case of Clifford framework. The Clifford-Fourier
transform of a Clifford-valued function f ∈ L1 ∩L2(Rn, dV (x)) is defined by
F [f ] (ξ) = f̂(ξ) = 1
(2pi)
n
2
∫
Rn
e−i<x,ξ>f(x)dV (x).
Here also we may speak about its inverse defined by
F−1 [f ] (x) = 1
(2pi)
n
2
∫
Rn
ei<x,ξ>f̂(ξ)dV (ξ).
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The concept of Clifford-wavelet transform has been now widely studied. In
the present paper we will recall a special case based on the spin theory which
will be used in our work and which has been already applied in [8]. Let
ψ ∈ L1 ∩ L2(Rn, dV (x)) be such that
• ψ is a Clifford-algebra-valued function.
• ψ̂(ξ)
[
ψ̂(ξ)
]†
is scalar.
• Aψ = (2pi)n
∫
Rn
ψ̂(ξ)
[
ψ̂(ξ)
]†
|ξ|n dV (ξ) <∞.
ψ is called by the next a Clifford mother wavelet. We also recall in the context
of Clifford framework, the spin group of order n which is defined by
Spin(n) =
s ∈ Rn; s =
2l∏
j=1
ωj , ω
2
j = −1, 1 ≤ j ≤ 2l
 .
For (a, b, s) ∈ R+ × Rn × Spin(n), we denote
ψa,b,s(x) =
1
a
n
2
sψ(
s(x − b)s
a
)s.
In [8] the quthors showed that the copies ψa,b,s and that they constitute a
dense set in L2(Rn, dV (x)).
Definition 2.1. The Clifford-wavelet transform of an analyzed function f ∈
L2(Rn, dV (x)) is defined by
Tψ [f ] (a, b, s) =
∫
Rn
[
ψa,b,s(x)
]†
f(x)dV (x).
Let Hψ = Tψ
(
L2(Rn, dV (x))
)
. We define an inner product on Hψ by
[Tψ [f ] , Tψ [g]] =
1
Aψ
∫
Spin(n)
∫
Rn
∫
R+
(Tψ [f ] (a, b, s))
†Tψ [g] (a, b, s)dµ(a, b, s),
where dµ(a, b, s) = da
an+1
dV (b)ds and where ds is the Haar measure on Spin(n).
It is straightforwrd that the operator Tψ is an isometry from L
2(Rn, dV (x))
to Hψ . See [8]. As a result any analyzed function f ∈ L2(Rn, dV (x)) may be
reconstructed in the L2-sense as
f(x) =
1
Aψ
∫
Spin(n)
∫
Rn
∫
R+
ψa,b,s(x)Tψ [f ] (a, b, s)
da
an+1
dV (b)ds.
This constitutes the well-known Plancheral-Parsevall formula extended to the
Clifford wavelet framework.
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2.3. The uncertainty principle revisited
The uncertainty principle is originally due to Heisenberg (See [34], [35]) and
constitutes since its discovery an interesting concepts in quantum mechanics.
Mathematically, it is resumed by the fact that a non-zero function and its
Fourier transform cannot both be sharply localized.
In the last decades especially of the last century many studies have been
developed tackling the uncertainty principle. Many variants have been thus
proposed using pure Fourier transform, pure wavelets, Clifford Fourier trans-
form and recently Clifford wavelet transform. In [1] for example a SteinWeiss
type uncertainty inequality has been proved. In [2] Fourier transform com-
bined with RiemannLiouville operator has been applied for a HausdorffYoung
inequality to yield an entropy based uncertainty principle and a Heisenberg-
PauliWeyl inequality. In [55] continuous wavelet transform has been applied
to prove an analogue of Heisenberg’s inequality (See also [56], [57]).
In [29] using Heisenberg group techniques, stable iterative algorithms
for signal analysis and synthesis the authors established a variant of the
Heisenberg uncertainty inequality. In [20] an uncertainty principle has been
shown using shearlet transform. El-Haoui et al in [27] applied a quaternionic
Fourier transform to derive an uncertainty principles including Heisenberg-
Weyls, Hardys, Beurlings and logarithmic ones. See also [28].
Next, in the Clifford framework Hitzer and collaborators were the most
active group in developing uncertainty principle variants such as [37, 38]
where some generalized Clifford wavelet uncertainty principles have been
proposed. See also [40]. Hitzer and Mawardi in [39] extended the Fourier
transform to some general Clifford geometric algebras leading to a a new
uncertainty principle for multivector functions in the new Clifford geometric
algebras. See also [45], [46], [47], [48], [49], [50], [51], [52], [53].
In [43] the authors used quaternion ridgelet transform and curvelet
transform associated to the quaternion Fourier transform to establish an un-
certainty principle. Kou et al in [42] applied the linear quaternion canonical
transform has been applied to establish an uncertainty principle. Yang et al
in [66] have investigated a stronger directional uncertainty principles based
on Fourier transform.
For about the uncertainty principle and different variants based on
Fourier and wavelet transforms may be found in [41], [54], [60], [63], [67].
We propose by the next to recall some mathematical formulations of
the uncertainty principle from both classical and recent forms.
Theorem 2.2. ([8, 65]) Let A and B be two self-adjoint operators on a Hilbert
space X with domains D(A) and D(B) respectively and consider their com-
mutator [A,B] = AB −BA. Then
|Af |2 |Bf |2 ≥
1
2
|< [A,B] f, f >| , ∀f ∈ D([A,B]). (2.3)
Consider next the special case
Akf(x) = xkf(x) and Bkf(x) = ∂xkf(x), k = 1, 2, · · · , n.
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By applying Theorem 2.2 above, we get the following result.
Corollary 2.3. ([8])
|Akf |L2(Rn,dV (x)) |Bkf |L2(Rn,dV (x)) ≥
1
2
|< [Ak, Bk] f, f >| .
Furthermore,
‖xkf‖L2(Rn,dV (x))‖ξkf̂‖L2(Rn,dV (x)) ≥
1
2
‖f‖2L2(Rn,dV (x)). (2.4)
Moreover, by considering the oerator Tψ the authors is [8] established
the follozing result.
Theorem 2.4. ([8]) Let be ψ ∈ L2(Rn,Rn, dV (x)) be an admissible Clifford
mother wavelet. Then for f ∈ L2(Rn,Rn, dV (x)). It holds for 1 ≤ k ≤ n that(∫
Spin(n)
∫
R+
|bkT [f ] (a, ·, s)|22
da
an+1
ds
) 1
2 ∣∣∣ξk f̂ ∣∣∣
2
≥ (2pi)
n
2
2
√
Aψ |f |22 . (2.5)
3. A sharper Clifford wavelet uncertainty principle
In the present section we state and prove our main result in the present work.
It consists a sharper formulation of the Clifford-wavelet uncertainty principle.
The main result is subject of the following theorem.
Theorem 3.1. Let ψ ∈ L2(Rn,Rn, dV (x)) be an admissible Clifford mother
wavelet. Then for f ∈ L2(Rn,Rn, dV (x)), the following uncertainty principle
holds, (∫
Spin(n)
∫
R+
‖bkTψ [f ] (a, ·, s)‖2 da
an+1
ds
) 1
2 ∥∥∥ξk f̂∥∥∥
≥√2n+1pinAψ {‖f‖2 + 2 |〈f1, f2〉|}
where
f1(x) =
1
Aψ
∫
Spin(n)
∫
Rn
∫
R+
ψa,b,s(x)∂bkTψ [f ] (a, b, s)
da
an+1
dV (b)ds
and
f2(x) =
1
Aψ
∫
Spin(n)
∫
Rn
∫
R+
ψa,b,s(x)bkTψ [f ] (a, b, s)
da
an+1
dV (b)ds.
Proof. Observe firstly that
‖xkf‖
∥∥∥ξkf̂∥∥∥ ≥ √2(‖f‖2 + |2 〈xk∂xkf, f〉|).
We substitute f(•) by Tψ [f ] (a, •, s). We obtain
‖bkTψ [f ] (a, •, s)‖
∥∥∥ξk ̂Tψ [f ] (a, •, s)∥∥∥
≥ √2(‖Tψ [f ] (a, •, s)‖2 + Sψ [f ] (a, •, s))
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where
Sψ [f ] (a, •, s) = |2 〈bk∂bkTψ [f ] (a, •, s), Tψ [f ] (a, •, s)〉| .
As a result,∫
Spin(n)
∫
R+
‖bkTψ [f ] (a, •, s)‖
∥∥∥ξk ̂Tψ [f ] (a, •, s)∥∥∥ da
an+1
ds
≥ √2
∫
Spin(n)
∫
R+
(‖Tψ [f ] (a, •, s)‖2 + Sψ [f ] (a, •, s)) da
an+1
ds.
By Cauchy-Schwartz we get∫
Spin(n)
∫
R+
‖bkTψ [f ] (a, •, s)‖
∥∥∥ξk ̂Tψ [f ] (a, •, s)∥∥∥ da
an+1
ds
≤ (
∫
Spin(n)
∫
R+
‖bkTψ [f ] (a, •, s)‖2 da
an+1
ds)
1
2
×(
∫
Spin(n)
∫
R+
∥∥∥ξk ̂Tψ [f ] (a, •, s)∥∥∥2 da
an+1
ds)
1
2
Denote next
BTψ [f ] = (
∫
Spin(n)
∫
R+
‖bkTψ [f ] (a, •, s)‖2 da
an+1
ds)
1
2
and
ξTψ [f ] = (
∫
Spin(n)
∫
R+
∥∥∥ξk ̂Tψ [f ] (a, •, s)∥∥∥2 da
an+1
ds)
1
2 .
Then, we get
BTψ [f ]× ξTψ [f ] ≥
√
2
∫
Spin(n)
∫
R+
(‖Tψ [f ] (a, •, s)‖2
+ |2 〈bk∂bkTψ [f ] (a, •, s), Tψ [f ] (a, •, s)〉|)
da
an+1
ds
=
√
2
∫
Spin(n)
∫
R+
(‖Tψ [f ] (a, •, s)‖2 da
an+1
ds
+
√
2
∫
Spin(n)
∫
R+
Sψ [f ] (a, •, s) da
an+1
ds.
Observe next that∫
Spin(n)
∫
R+
∥∥∥ξkT̂ψ [f ](a, •, s)∥∥∥2 da
an+1
ds =
Aψ
(2pi)n
∥∥∥ξk f̂∥∥∥2
and that ∫
Spin(n)
∫
R+
‖Tψ [f ] (a, •, s)‖2 da
an+1
ds = Aψ ‖f‖2
and denote
B˜Tψ [f ] =
∫
Spin(n)
∫
R+
|〈bk∂bkTψ [f ] (a, •, s), Tψ [f ] (a, •, s)〉|)
da
an+1
ds.
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We deduce that
BTψ [f ]× ( Aψ
(2pi)n
∥∥∥ξkf̂∥∥∥2) 12 ≥ √2Aψ ‖f‖2 + 2√2B˜Tψ [f ] .
Consequently,
(
∫
Spin(n)
∫
R+
‖bkTψ [f ] (a, •, s)‖2 da
an+1
ds)
1
2
∥∥∥ξkf̂∥∥∥
≥
√
2n+1pinAψ ‖f‖2 +
√
2n+1pin
Aψ
∫
Spin(n)
∫
R+
Sψ [f ] (a, •, s) da
an+1
ds.
Now, observe that∫
Spin(n)
∫
R+
|〈bk∂bkTψ [f ] (a, •, s), Tψ [f ] (a, •, s)〉|)
da
an+1
ds
=
∫
Spin(n)
∫
R+
∣∣∣∣∫
Rn
[∂bkTψ [f ] (a, b, s)]
†
bkTψ [f ] (a, b, s)dV (b)
∣∣∣∣ daan+1 ds
≥
∣∣∣∣∣
∫
Spin(n)
∫
R+
∫
Rn
[∂bkTψ [f ] (a, b, s)]
†
bkTψ [f ] (a, b, s)dV (b)
da
an+1
ds
∣∣∣∣∣
= |Aψ [∂bkTψ [f ] , bkTψ [f ]]| .
We obtain
(
∫
Spin(n)
∫
R+
‖bkTψ [f ] (a, •, s)‖2 da
an+1
ds)
1
2
∥∥∥ξk f̂∥∥∥
≥√2n+1pinAψ ‖f‖2 +√2n+3pinAψ |[∂bkTψ [f ] , bkTψ [f ]]| .
Since for f, g ∈ L2(Rn, dV (x)) it holds that
[Tψ [f ] , Tψ [g]] = 〈f, g〉
we may write
(
∫
Spin(n)
∫
R+
‖bkTψ [f ] (a, •, s)‖2 da
an+1
ds)
1
2
∥∥∥ξkf̂∥∥∥
≥√2n+1pinAψ {‖f‖2 + 2 |〈f1, f2〉|}
where
f1(x) =
1
Aψ
∫
Spin(n)
∫
Rn
∫
R+
ψa,b,s(x)∂bkTψ [f ] (a, b, s)
da
an+1
dV (b)ds
and
f2(x) =
1
Aψ
∫
Spin(n)
∫
Rn
∫
R+
ψa,b,s(x)bkTψ [f ] (a, b, s)
da
an+1
dV (b)ds.
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4. Conclusion
In this paper, an uncertainty principle based on the continuous wavelet trans-
form in the Clifford algebra’s settings has been formulated and proved. Com-
pared to xisting formulations in Clifford framework, the proposed uncertqinty
principle here is sharper.
5. Data availability statement
Data sharing is not applicable to this article as no new data were created or
analyzed in this study.
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